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ASYMPTOTICALLY-PRESERVING LARGE DEVIATIONS
PRINCIPLES BY STOCHASTIC SYMPLECTIC METHODS FOR A
LINEAR STOCHASTIC OSCILLATOR*
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Abstract. It is well known that symplectic methods have been rigorously shown to be superior to
nonsymplectic ones especially in long-time computation, when applied to deterministic Hamiltonian
systems. In this paper, we attempt to study the superiority of stochastic symplectic methods by
means of the large deviations principle. We propose the concept of asymptotical preservation of
numerical methods for large deviations principles associated with the exact solutions of the general
stochastic Hamiltonian systems. Considering that the linear stochastic oscillator is one of the typical
stochastic Hamiltonian systems, we take it as the test equation in this paper to obtain precise
results about the rate functions of large deviations principles for both exact and numerical solutions.
Based on the Géartner—Ellis theorem, we first study the large deviations principles of the mean
position and the mean velocity for both the exact solution and its numerical approximations. Then,
we prove that stochastic symplectic methods asymptotically preserve these two large deviations
principles, but nonsymplectic ones do not. This indicates that stochastic symplectic methods are
able to approximate well the exponential decay speed of the “hitting probability” of the mean position
and mean velocity of the stochastic oscillator. Finally, numerical experiments are performed to show
the superiority of stochastic symplectic methods in computing the large deviations rate functions.
To the best of our knowledge, this is the first result about applying the large deviations principle
to reveal the superiority of stochastic symplectic methods compared with nonsymplectic ones in the
existing literature.
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1. Introduction. A 2d-dimensional stochastic differential equation (SDE) is
called a stochastic Hamiltonian system if it can be written in the form

N moo To 1
(1.1) d(q)-J VHo(p,q)dt + > J 'V H,(p,q) o dW,.(t), J_[Id 0}’

r=1
where o denotes the Stratonovich product, H;, ¢ = 0,1,...,m are smooth Hamil-
ton functions, and W = (W1y,...,W,,) is an m~-dimensional Brownian motion on a

given complete filtered probability space (2, F,{F;}+>0,P). The phase flow of (1.1)
preserves the symplectic structure in phase space, i.e., dp(t) A dq(t) = dp(0) A dg(0),
a.s., for all ¢ > 0. In order to preserve the symplectic structure, a class of numeri-
cal methods called stochastic symplectic methods are proposed [18]. In recent years,
stochastic symplectic methods have received extensive attention, and large quantities
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of numerical experiments show that stochastic symplectic methods possess excellent
long-time stability (see, e.g., [3, 5, 6, 9, 12, 15, 23, 24]). One approach to theoretically
explaining the superiority of stochastic symplectic methods is based on the techniques
of modified equations and backward error analysis (see [1, 2, 4, 10, 14, 22, 24, 25] and
references therein). Different from their approach, we try to apply the large deviations
principle (LDP) to discover the superiority of the stochastic symplectic methods in
this paper.

The large deviations principle is concerned with the exponential decay of prob-
abilities of rare events, which can be regarded as an extension or refinement of the
law of large numbers and central limit theorem. It is usually used to describe the
asymptotical behavior of stochastic processes for which large deviations estimates are
concerned. If a stochastic process { X1}~ satisfies an LDP with the rate function I,
then the hitting probability P (X7 € [a,a + da]) decays exponentially, i.e., e~ 71(@)da.
The rate function characterizes the fluctuations of the stochastic process {Xr}r=o in
the long-time limit and has a wide range of applications in engineering and physical
sciences (see, e.g., [13]). When a numerical method is applied to a given stochastic
differential equation, it is worthwhile to study whether the numerical method can
preserve asymptotically the decay rate e~ 7.

Let {Z1}r>0 be a stochastic process associated with the exact solution of (1.1),
usually viewed as an observable of (1.1). For a numerical method {pn, gn}n>0 ap-
proximating (1.1), let {Zp y}n>1 be a discrete approximation of {Zr}rso associ-
ated with the numerical method {p,,gn}n>0. For example, one can take Zp =
%IOT f(p(t),q(t))dt as an observable of (1.1) for some smooth function f. Then

Zpn = % Zg;ol f(Pn,qn) can be viewed as a discrete version of Zr. If {Zr}rso
satisfies an LDP with the rate function I, one natural question is the following:
(Q1) Does {Zr n}n>1 satisfy the LDP with some rate function I" for a fixed
step-size h?
If so, then {Z7}7rs0 and {Z7, n}n>1 formally satisfy

(1.2) P (Zr € [a,a + da)) = e 1@ dq for sufficiently large T,
(1.3) P(Zr N € [a,a+da]) = e NI"(@)qq = e~tnI"(@)/hgq

for sufficiently large .

With T =ty being the observation scale, it is reasonable to use I"/h to evaluate the
ability of the numerical method to preserve the large deviations rate function. Hence,
another meaningful question is the following:
(Q2) If {Zr n}n>1 satisfies an LDP with the rate function I, could I"/h approx-
imate I well for sufficiently small h?
Concerning the above questions, we give the following definition on the asymptotical
or even exact preservation of LDP.

DEFINITION 1.1. Let E be a Polish space, i.e., complete and separable metric
space. Let {Zr}r=o be a stochastic process associated with the exact solution of (1.1).
Let {Zp n}n>1 be a discrete approzimation of { Zr}rso, associated with some numer-
ical method {pn, qn}n>o0 for (1.1). Assume that {Zr}rso and {Zr N}Nn>1 satisfy the
LDPs on E with the rate functions I and I", respectively. We call I ,:=I"/h the
modified rate function of I". Moreover, the numerical method {Pn, Gn}tn>0 is said to
asymptotically preserve the LDP of {Zr}rso if

(1.4) lim I} ,4(y) = I(y) ¥V yeE.
h—0
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In particular, the numerical method {pn, ¢n}n>0 is said to exactly preserve the LDP
of {Zr Y10 if for all sufficiently small step-size h, I" () =1(-).

Concerning that the linear stochastic oscillator is one of the typical stochastic
Hamiltonian systems, we take it as the test equation in this paper to obtain precise
results about the rate functions of LDPs for both the exact solution and a class of
numerical methods (see (3.1)). The discretization (3.1) is a class of one-step methods
including the common numerical methods for the linear stochastic oscillator in the
literature (see the review article [21]). Based on the Gértner—Ellis theorem, we first
study the LDPs of the mean position and the mean velocity for both the exact solution
of the linear stochastic oscillator and its numerical approximations. Then, by giving
the conditions which make numerical methods have at least first order convergence in
the mean-square sense, we prove that stochastic symplectic methods in the form of
(3.1) asymptotically preserve these two LDPs. However, it is shown that neither of the
two LDPs is preserved asymptotically by the considered nonsymplectic methods based
on the tail estimation of Gaussian random variables. To the best of our knowledge,
this is the first result about using LDP to show the superiority of stochastic symplectic
methods compared with nonsymplectic ones.

The paper is organized as follows. In section 2, we give some basic concepts
about the LDP. For the linear stochastic oscillator, we introduce the mean position
Apr = %fOT X, dt and the mean velocity Br = % for each T > 0 with {X;};>0
being the exact solution. Also, the LDPs for both {Ar}r~¢ and {Br}rso are es-
tablished based on the Géartner—Ellis theorem. Section 3 studies the LDP for the
discrete mean position {An}n>1 (see (3.2)) of the general numerical methods for the
fixed sufficiently small step-size. In section 4, we derive the pointwise convergence
of the modified rate functions of {Ax}n>1 as step-size tends to zero and show that
symplectic methods asymptotically preserve the LDP for {Ar}rso. In section 5, by
following the ideas of dealing with {Ax}n>1, we investigate the LDP for the discrete
mean velocity {By}n>1 (see (5.1)) and show that symplectic methods asymptoti-
cally preserve the LDP for {Br}rso. In section 6, we verify our theoretical results
by discussing some concrete numerical methods and construct some methods pre-
serving exactly the LDPs for {Ar}r~o or {Br}rso. These imply the superiority of
symplectic methods in preserving the LDPs for {Ar}rso and {Br}rso of the linear
stochastic oscillator. We perform numerical experiments to verify our theoretical re-
sults in section 7. Finally, in section 8, we give our conclusions and propose several
open problems for future study.

2. LDPs for {Ar}r>0 and {Br}r>0. In this section, we aim to prove that
both the mean position {Ar}rso and mean velocity {Br}rso of the exact solution
of our considered stochastic oscillator satisfy the LDPs. Before showing the LDPs
of {Ar}r>0 and {Br}r>0, we introduce some preliminaries upon the theory of large
deviations, which can be found in [11, 16].

DEFINITION 2.1. I : E — [0,00] is called a rate function if it is lower semicon-
tinuous, where E is a Polish space. If all level sets [71([—00,a]), a € [0,00), are
compact, then I is called a good rate function.

DEFINITION 2.2. Let I be a rate function and (pc)eso be a family of probability
measures on E. We say that (e)eso satisfies an LDP with the rate function I if

(LDP1) lim iglfelog(ue(U)) > —inf I(U) for every open U C E,
€e—

(LDP2) lim sup elog(p(C)) < —inf I(C) for every closed C C E.
e—0
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Based on Definition 2.2, one can give the definition of LDP for a family of ran-
dom variables similarly. Namely, let {X }.~0 be a family of random variables from
(Q,7,P) to (E,2B(E)). {Xc}eso0 is said to satisfy an LDP with the rate function I
if its distribution (P o X !).s¢ satisfies (LDP1) and (LDP2) in Definition 2.2 (see,
e.g., [7, 11]).

The Géartner—Ellis theorem plays an important role in dealing with the LDPs for
a family of random variables. When utilizing this theorem, one needs to examine
whether the logarithmic moment generating function is essentially smooth.

DEFINITION 2.3. A convex function A : R? — (—o0, 0] is essentially smooth if

(1) DY is nonempty, where DY is the interior of Dy = {x € R% : A(x) < o0} ;

(2) A(:) is differentiable throughout DS ;

(3) A() is steep, namely, lim, oo [VA(N,)| = 0o whenever {\,} is a sequence in
D} converging to a boundary point of Dy .

THEOREM 2.4 (Gértner-Ellis). Let {X,}nen be a sequence of random vectors
taking values in R, Assume that for each A € R, the logarithmic moment generating
function, defined as the limit A(X) £ lim, o + log(Ee™ X)) ezists as an extended
real number. Further, assume that the origin belongs to Dy. If A is an essentially
smooth and lower semicontinuous function, then the LDP holds for {X,}nen with
the good rate function A*(-). Here A*(x) = supycrpa{(\,z) — A(\)}, © € R?, is the
Fenchel-Legendre transform of A(-).

It is known that the key point of the Gértner—Ellis theorem is to study the log-
arithmic moment generating function. Moreover, we would like to mention that the
Gértner—Ellis theorem is valid in the case of continuous parameter family {X.}eso
(see the remarks of [11, Theorem 2.3.6]).

The motivation of this paper is to explain the superiority of stochastic symplectic
methods, by studying the LDPs of numerical methods for a linear stochastic oscillator
Xt + X; = aWt with @ > 0, and W; being a one-dimensional standard Brownian
motion defined on (92, F, {F; }+>0, P). The linear stochastic oscillator can be rewritten
as a two-dimensional stochastic Hamiltonian system

(2.1) d(iff):(ol é)(%)dﬁa(?)dm, <§f§)=<z§)

whose phase flow preserves symplectic structure. Namely, the oriented areas of the
phase flow are invariant:

dXy AN dY;, = dxo A dyo vV ot>0,
where the exact solution (X¢,Y:) of (2.1) (see, e.g., [17, Chapter 8]) is

¢
(2.2) X; = xg cos(t) + yo sin(t) + a/ sin(t — s)dWs,
0
¢
Y: = —xosin(t) + yo cos(t) + a/ cos(t — s)dWs.
0

To inherit the symplecticity of this stochastic oscillator, different kinds of symplectic
methods have been constructed (see [8, 21] and references therein).
For SDE (2.1), we introduce the so-called mean position,

1 T
(2.3) AT:—/ X, dt V¥V T >0,
T 0
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and the mean velocity,

X
(2.4) BT:TT Y T>0.

Both Apr and Bp are important observables, and they have many applications in
physics. For example, the Ornstein—Uhlenbeck process is often used to describe the
velocity of a particle moving in a random environment [19]. In this case, Ay can be
interpreted as the mean value of the displacement process fOT X, dt, and Br as the
mean value of velocity X; on the time interval [0, T (see also [13]). Next, by means of
the Gértner—Ellis theorem, we show that both the mean position { Ar}7~¢ and mean
velocity {Br}rso of the exact solution satisfy the LDPs.

THEOREM 2.5. {Ar}r~¢ satisfies an LDP with the good rate function I(y) = %,
i.€.
’ 1
liminf —log(P(Ar € U)) > —inf I(y) for every open U C R,

T—oo T yeU

1
lim sup T log(P(Ar € C)) < —ylggl(y) for every closed C' C R.

T—o0

Proof. Tt follows from (2.2), (2.3), and the stochastic Fubini theorem that
T T
(2.56) TAr = / Xidt = g sin(T) + yo(1 — cos(T)) + a/ {1 —cos(T — s)} dWs.
0 0

Thus, we have E [T Ar] = 2 sin(T") + yo(1 — cos(T)), and

Var [T Ar] = o? /OT {1 —cos(T — s)} 2ds =a? [BQT —2sin(T) + bme)] .

Hence NTAr ~ N(AE[T Ar], \>Var[T Ar]) for every A € R. It follows from the char-

2
acteristic function of AT Ar that EeATAT = ABTAr]+5 Var[TAz] Ty thig way, we
obtain the logarithmic moment generating function A(A) = limy_,« & log Ee*TAT =

%)\2, which means that A(:) is an essentially smooth, lower semicontinuous func-
tion. Moreover, we have that the origin 0 belongs to D3 = R. By Theorem 2.4, we
obtain that {Ar}r~¢ satisfies an LDP with the good rate function I(y) = A*(y) =

2
supyer{yA — AN} = %5 0
Notice that LDP for {A7}r~¢ is independent of the initial value (xg, o) of the

stochastic oscillator (2.1). Theorem 2.5 indicates that, for any initial value (¢, yo),
the probability that the mean position {Ar}r~¢ hits the interval [a,a + da] decays
2

exponentially and formally satisfies P (A7 € [a,a + da]) ~ e~ TH(@)da = ¢~ 737 da for
sufficiently large T

Next, we give the result of the LDP for { Br}r~¢ in the following theorem, whose
proof is analogous to that of Theorem 2.5 and hence is omitted.

THEOREM 2.6. {Br}rso satisfies an LDP with the good rate function J(y) = Z—z

The above two theorems give the LDPs of {Ar}r~¢ and {Br}rso. For a numer-
ical approximation {(z,,¥yn)}n>0 of the linear stochastic oscillator (2.1), two natural
questions are these: Do its discrete mean position Ay = % ny;ol xz, and discrete
mean velocity By = 3 satisfy similar LDPs as in continuous case? Is the method
able to asymptotically preserve the LDPs of {Ar}rso and {Br}rso in the sense that
the modified rate functions converge to the rate functions of the exact solution? The

next several sections of this paper are devoted to answering the above questions.
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3. LDP for discrete mean position {An}n>1. In this section, we study
the LDP for the discrete mean position of general numerical methods. We show that
symplectic methods and nonsymplectic ones satisfy different types of LDPs based on
Theorem 2.4.

Let {(Zn,Yn)}n>0 be the discrete approximations at ¢, = nh with z, ~ X, ,
Yn ~ Y;, , where h > 0 is the given step-size. Following [21], we consider the general
numerical methods in form of

o (200 ) =a (2 Yraar o (0 ) (5 a8 ),
Yn+1 Yn az Qe Yn ba
with AW,, = Wy, ., — Wy, In fact, the real matrix A and the real vector b depend
on both the method and the constant step-size h. In addition, we require b2 + b3 # 0,
which is natural since an effective numerical method for (2.1) must depend on the
Brownian motion. In the previous section, we derive the LDP for the mean position
{Ar}7>0 of the continuous system (2.1). In what follows, we consider the LDP for
discrete mean position {Ay}n>1 of the method (3.1) and study how closely the LDP
for {An}n>1 approximates the LDP for {Ar}rso. We recall that Ay is defined as

1N—l
(3.2) AN:NZ%% N=12....

Our idea is to use Theorem 2.4 to show the LDP of {Ax}n>1. Hence, we first derive
the logarithmic moment generating function A"()\) := limy_, o0 % log Ee*NVAN for a
fixed appropriate step-size h. This can be done by means of the general formula of
{zn}n>1. For this end, we give a useful lemma (see Appendix A for its proof).

LEMMA 3.1. For arbitrary 6 € (0,2r), N € Nt and a € R, it holds that

N . N4l Mo
Z sin(nd)a™ :as1n(9) a T sin((N + 1)f) 4+ a™ 2 sin(N)

(3:3) 1 —2acos(f) + a?

n=1

In particular, if a = 1, then

N 9 1
. cos (%) — cos((N + 1)6)
(3.4) sin(nf) = Z - .
2 25 (9
In order to give the general formula of {x,,},>1, we suppose
(A1) 4det(A) — (tr(A))? > 0.

Then using Lemma 3.1, we have the following proposition.

PROPOSITION 3.2. For the method (3.1) satisfying the assumption (A1), we have
that for any n, N > 1,

Ty = (anéén—1 + 5n—1) 2o + a120,—1%Y0

n—1
(3.5) +a Z [b15¥n—1—j + (a12b2 — a22b1)dn—2—j:|AWj7
=0
A N-2
(3.6) NAyn = (1 +a1151°\‘,+5§,) o + a125Nyo + Z c; AWj.
=0

Here, &y, = (det(A))k/QW and By, = —(det(A))(kH)/Q% for any integer k,
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with 6 € (0,7) satisfying

tr(A) _ V/Adet(4) — (B(A))°

(3.7) cos(f) = %/T(A)’ sin(6) 2,/det(4)
And
(3.8)

sin(6) — (V/aet()) " sin(N0) + ( det(A))Nsin((N—l)Q)

S?é] = )
sin(0) (1 — 2./det(A) cos(8) + det(A))
(3.9)
N N+1
, det(A)sin(0) - ( det(A)) sin((N — 1)) + ( det(A)) sin((N — 2)8)
S = — ’
N sin(0) (1 - 2/det(4) cos(0) + det(4)
b . . N=2-j by + a12b2 — az22b1
¢ = Sn(0) sin((N —1—35)0) ( det(A)) + Sin(0)
(3.10)

sin0) - (Vae(@) " sin((N — 1 5)0) + ( det(A))Nflij sin((N — 2 — §))6)

1 —24/det(A) cos(0) + det(A)
Proof. Denote M,, = (") for n > 1. It follows from the recurrence (3.1) that
M, =DM,_1+1r,, n>1 with

tl"(A) — det(A) «Q (blAWn + (a12b2 - angl)Aanl)
b= " 0 T 0 ’

where tr(A) and det(A) denote the trace and the determinant of A, respectively. In
this way, we have M, = D" M, + Z;;l D" Jr;, n > 1. Under the assumption (Al),
matrix D has two complex-valued eigenvalues

N tr(2A) LV det(A)Q— (tr(4))* _ Jdet(A)et, 2= 1,

where 6 satisfies (3.7).
It follows from the expression of M,, (one can refer to [21]) that

Tpt1 = Q1 + Bn.’L‘O + OéZOAén,j [blAWJ + (a12b2 - aggbl)Aijl}, n > 0.

j=1

Since x1 = a11xg + a12yo + ab1 AWy, a1 =0, and &9 = 1, for n > 1,

Ty = (an@n—l + Bn—l) Zo + a12Gn—1Yo + abiéyn 1 AW

n—1 n—2
+ Z bldnflfjAWj + « Z(algbg — aggbl)@n,Q,jAWj
j=1 j=0

= (audnq + anl) 2o + a120m—1Y0
n—1

+ « Z |:b1dn_1_j + (a12b2 - aggbl)dn_g_j} AWJ
7=0
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By (3.2) and (3.5), we have
N-1 . N-2
(3.11) NAy =29+ Z Ty = (1 + anSf(, + Sﬁ,) xo + algS]O\‘,yo + « Z CjAWj,
n=1 =0
where S = Zg;oz G, Sf, = 25;02 B, and

N-1

cj = Z [blén—l—j + (a12b2 — 022b1)07n—2—g}
n=j+1
(3.12) =bian—2—j + (b1 + a12b2 — a22b1)51<¥[717j'

Finally, by means of (3.3), we obtain the explicit expressions of SJ‘%,, Sf,, and ¢; as
given in (3.8), (3.9), and (3.10), respectively. This completes the proof. |

Next, we study the LDP of {Ax}ny>1 for symplectic methods and nonsymplectic
ones, respectively. It is known that the method (3.1) preserves the symplectic struc-
ture, i.e., dx,11 Adypt1 = dx, Adyy, if and only if det(A) = 1. (In fact, this condition
is equivalent to the fact that method (3.1) preserves the phase volume.) In addition,
for nonsymplectic methods, we exclude the case det(A) > 1, where the logarithmic
moment generating function A" does not exist. This is to say, we need to deal with
the case det(A) = 1 and the case det(A) < 1 separately.

3.1. LDP of {An}n>1 for symplectic methods. In this part, we derive
the LDP for {An}n>1 of the method (3.1) in the case of preserving the symplec-
ticity. By (3.6), NAy is Gaussian. Hence, A"(\) = limy_ o0 % log EerVAN =
limy oo % [AE(NAy) + $A?Var(NAy)]. In order to get the expression of A", it
suffices to give the estimates of E(NAy) and Var(NAy) with respect to N.

Hereafter we use the notation K(ay,...,an) to denote some constant dependent
on the parameters ai, ..., a, but independent of N, which may vary from one line to
another. We assume that

(A2) det(A4) = 1.
Under (A2), we have &, = W, B = —Si%(”:)). Then by (3.4) and (3.12), we
obtain
. cos (L) —cos((N —2)) 5 cos (£) — cos((N — £)6)
3.13 Sy = 2 2 Sy =-——12 2
(3.13) N 2sin(f) sin (%) TN 2sin(0) sin () ’
(3.14)

(b1 + a12b2 — a22b1) cos (g) — b1 cos((N — & — 5)0) — (a12b2 — azzb1) cos((N — 3 — j)0)
2sin(6) sin (£) ’

Cj =

By (3.13), it holds that |S%| + \Sff| < K(#) for each N > 2. Further, it follows from
(3.6) and (3.14) that

(315) |E[NANH = ’(1 + auS}s\‘, + Sf[) o + algs%yo‘ < .K'(I'O,yo7 6‘),
, N-2 , o2h N-2 ,
3.16 Var[NAyx| = ah L= s
(3.16) ar[NAw] =a Z: % 4 sin?() sin® (Q) — )
7=0 2/ j=0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/06/21 to 159.226.47.20. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

40 C. CHEN, J. HONG, D. JIN, AND L. SUN

with
~2 2 2 0 1 2 1 2
c; = (b1—|—a12b2—a22b1) cos 5 —|—§b1—‘,—§(a12b2—(122b1) +b1 (a12b2_a22b1) COS(H)+Rj’

where

2

b by — agaby )2
Rj = o cos(2N — 1 - 2j)9) + (a12bz = azby)”

5 os((2N — 3 — 25)6)

— 2b1(b1 + a12ba — agaby) cos (Z) cos ((2]\[_12_2‘7)0>
0 2N —3—235)0
— 2(b1 —+ a12b2 — aggbl)(algbg — aggbl) COS <2> COS <(2‘7))

-+ bl(algbg — a22b1) COS((?N -2 2])9)

We claim |Z O Rj| < K(0). In detail, by SV cos((2n+1)0) = sin((2N +2)6) Zsin(26)

2 sin(0)
we have
N—2 N-1 . .
sin(2N0) — sin(20)
cos((2N —1—25)0 cos((2n+1)0)| = a < K(0).
jgo — 2sin(0)
Analogously, we obtain
N— N—2
2N — 1 —25)0
(3.17) (2N —3—25)0 ‘ Z *7))‘
=0 =0
N-—

N—
Z M‘ (2N - 22y>9>‘§K(0),
=0

=0

which proves the above claim.
Based on (3.15), (3.16), (3.1), and |ZJ o R | < K(0), we have

1
AP(N) = Jim - log EMVAY

a?h\?

0 1
o oo (4) + i
8sin®(0) sin® () (b1 + a12bz — azab1)” cos 5 S0

(3.18) +

DN | =

(a12b2 - a22b1)2 + by (a12b2 — a22b1) COS(G):| .

As a result of (3.7) with det(A) = 1, it holds that

cos(f) = #7 sin(f) =

(3.19) sin? (9> _ 1= 0208(9) _2- Zr(A)’ o2 (9) 1+c2os(9) 2 +Zr(A).
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Substituting (3.19) into (3.18) yields that
a2h\?
2(24+tr(A4))(2 — tr(A))
(3.20) — 2b; (algbg — aggbl)(z — tI‘(A)) .

AN = 5 [(51 + a12by — a2b1)* (4 + tr(A))

In order to show that A" is essentially smooth. We need to use the following lemma,
whose proof is given in Appendix B.

LEMMA 3.3. Under assumptions (Al) and (A2), we have
(1) b? + (a12ba — azaby)? # 0;
(2) (bl + a12b2 - a22b1)2(4 + tI’(A)) — 2b1 (a12b2 — aggbl)(Q — tI‘(A)) > 0.

Lemma 3.3(2) means that A" is essentially smooth. It follows from Theorem 2.4
that {An}n>1 satisfies an LDP with the good rate function

I"(y) = sup{yA — A*(N)}
AER

(2 +tr(A4))(2 — tr(A4))%y? .
202h (bl + a12by — a22b1)2(4 + tI"(A)) — 2by (a12b2 — aggbl)(Q — tI‘(A))]

(321) =

Finally, we acquire the following theorem.

THEOREM 3.4. If the numerical method (3.1) for approximating the SDE (2.1)
satisfies assumptions (Al) and (A2), then its mean position {An}n>1 satisfies an
LDP with the good rate function given by (3.21).

Remark 3.5. Theorem 3.4 indicates that to make the LDP hold for {Ax}n>1,
the step-size h needs to be restricted such that assumptions (Al) and (A2) hold.
Moreover, the rate function I”(y) does not depend on the initial value (z¢,%o). That
is to say, for appropriate step-size h and arbitrary initial value, {An}n>1 formally

satisfies P(Ay € [a,a + da]) ~ e N1"(@dq for sufficiently large N.

3.2. LDP of {An}n>1 for nonsymplectic methods. In this part, we show
the LDP for {An}n>1 of method (3.1) under the following assumption:

(A3) 0 < det(A) < 1.

Under the assumption (A3), one immediately concludes from (3.8), (3.9), and the
boundedness of sin(-) that |SS| + |Sjﬂ\,\ < K(0,A) for all N > 2, which gives

(3.22) )E[NAN]‘ < K (0, yo, 0, A).

It follows from (3.6) and (3.10) that

N-2
(3.23) Var(NAy) = o*h Z a,
§=0
where
b b b ’
(3.24) C? _ 1+ a1202 — a2201 n Rj
1 —24/det(A) cos(f) + det(A)
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with
5 b% sin2((N —1- j)@)(det(A))N*%J (b1 + a12b2 — a22b1)2

RJ' ) + 2
sin”(6) sin?(6) (1 — 2/et(A) cos(0) + det(4)
X {(det(A))sz sin?((N — 1 — 5)8) + (det(A))N 177 sin?((N — 2 — 5))
N—2—j
— 2sin(0) ( det(A)) sin((N —1—4)0)
N—1—j
+ 2sin(0) ( det(A)) sin((N + 2 — 5)6)

9 ( det(A))W3
201 (b1 + a12b2 — azeby)
sin®(0) (1 — 2,/det(A) cos(8) + det(A))

(N — 1 )0 sin(N — 2 j)H)}

_|_

N—2—

[ det(A) J sin(f) sin((N — 1 —5)6) — (det(A))N_Z_j sin?((N — 1 —4)0))

)2N—3—2j

+ (Vdet(4) sin((N — 1 — §)0) sin((N — 2 — j)Q)} .

Further, we have

> [(et(A) ™27 + et ApY ] < 23 (et AN,
j=0 j=0
N_Q{( det(A))N727J+( det(A))NlJ} <22N:( dei(4) .
7=0 =0
J: ( det(A))QN?S?ZJ - ]: (Vaem)” delt(A) jé(det(A))J

It follows from the boundedness of sin(-) and det(A) < 1 that

< K(&A)f: {( det(A))j + (det(A))J} < K (6, A),

J

(3.25)

N—-2 _
YR
j=0

i
<

where K (0, A) is a constant dependent on # and A but independent of N. Combining
(3.22), (3.23), (3.24), and (3.25) leads to

ANAN

- 1
A"M(N) = lim N log Ee

N —oo

a?h)\? 1 by + araby — assb ’ =2
lim — SN (N-1)+ > R
2 N-oo N [\ 1-2y/det(A)cos(h) + det(A)

§=0
2
_ a?hA? b1 + a12b2 — azeby
2 1 —2y/det(A)cos(h) + det(A) |
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If we assume that
(A4) b1 + a12ba — azby # 0,

then it follows from Theorem 2.4 that { Ay} n>1 satisfies an LDP with the good rate

. Th _ g% 1-24/det(A)cos(0)+det(A) o 42 1—tr(A)+det(A)\2
function I (y) N 2042h< bitai2bz—a22b; ) - 20&2h(b1+0«12b2*0«2251> , where we

have used (3.7) in the second equality. Finally, we obtain the following theorem.
THEOREM 3.6. If the numerical method (3.1) for approxzimating the SDE (2.1)
satisfies assumptions (Al), (A3), and (A4), then its mean position {An}n>1 satisfies

an LDP with the good rate function I"(y) = szh(i:jz(ﬁgjfzgﬁ )2.

4. Asymptotical preservation for the LDP of {Ar}r>0. In section 3, we
acquire the LDP for the discrete mean position {Ax}ny>1 when the method (3.1)
is symplectic or nonsymplectic separately, for given appropriate step-size. In this
section, we study their asymptotical preservation for the LDP of {Ar}rso as step-
size tends to 0 (see Definition 1.1). By Definition 1.1, we obtain the modified rate
functions of the rate functions appearing in Theorems 3.4 and 3.6, respectively, as
follows:

(4.1)
. (24 1r(A))(2 — tr(A)%?

mod\Y) = 202 h?2 [(bl + ay2bs — a22b1)2(4 + tI‘(A)) — 2by (a12b2 — aggbl)(Q — tl"(A))] ’
(4.2)

. 2 (1 —tr(A) + det(A)
Iglmi(y) o 2a2h2 ( b1 + a,lgbg - a22b1 ) '

It would fail to get the asymptotical convergence for I” ,(y) and j;’;wd (y) only by
means of assumptions (Al)—(A4) in two aspects: one is that both A and b are some
functions of step-size h, which are unknown unless a specific method is applied; the
other is that for some A and b, the numerical approximation may not be convergent
to the original system. A solution to this problem is studying the convergence on
finite interval of numerical methods. In what follows, we consider the mean-square
convergence of the method (3.1).

For the sake of simplicity, we first give some notation. Let R = O(hP) stand for
|R| < ChP for all sufficiently small step-size h, where C' is independent of h and may
vary from one line to another. f(h) ~ hP means that f(h) and h? are equivalent
infinitesimal. Furthermore, |-||, denotes the 2-norm of a vector or matrix and |||
denotes the Frobenius norm of a matrix.

Since (2.1) is driven by the additive noise, the mean-square convergence order
of general numerical methods which are known for the moment to approximate this
system is no less than 1. Hence, in what follows, we restrict (3.1) to the numerical
method with at least first order convergence in the mean-square sense. To give the
conditions about the mean-square convergence of the method (3.1), we introduce the
Euler-Maruyama method of form (3.1) with AFM = (1, ) pFM = (). Based
on the fundamental convergence theorem, we acquire the sufficient conditions which
make numerical method (3.1) have at least first order convergence in the mean-square
sense.

THEOREM 4.1. If the numerical method (3.1) satisfies

(4.3) |A—APM|| =0  and  |b—b"M|, = O(h),
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then its convergence order is at least 1 in the mean-square sense on any finite interval
[0, To], i-e., suPy>0, e, [E((@n — X(t0))* + (yn — Y (t2))*)]"/? < K(Tp)h.

We put the proof of this theorem into Appendix C. In fact, it is verified that (4.3)
is equivalent to

(B) a1y — 1] + |aga — 1| + |ara — h| + |ag1 + h| = O(h2), and |by| + [bs — 1| = O(h).

Using the assumption (B), we have the following lemma (its proof is given in Appen-
dix D), which is used to study whether method (3.1) asymptotically preserves the
LDPs for {Ar}rso or {Br}rso of the exact solution.

LEMMA 4.2. Under the assumption (B), the following properties hold:

(1) tr(A) =2 as h = 0;

(2) (1 —tr(A) + det(A)) ~ h?;

(3) (bl + a12bg — a22b1) ~ h.

By Lemma 4.2, we obtain the convergence of the modified rate functions in (4.1)
and (4.2).

Case 1: Let (A1), (A2), and (B) hold. Noting det(A) = 1 in this case, Lemma 4.2(2)
yields (2 — tr(A)) ~ h?. Hence,

by (a12b2 — aggbl) (2 — tI‘(A))

4.4 li =0.
(4.4) 0 h?
It follows from Lemma 4.2, (4.1), and (4.4) that
lim 17,64 (y)
_ i limp 0 (2 + tr(A))
202 limh_>0(4 + tr(A))(b1 + a12bs — a22b1)2/h2 — 2limp_0 b1 (a12b2 — agzbl)(Q — tr(A))/h2
(4.5)
_ v
3a2’

Case 2: Let (A1), (A3), (A4), and (B) hold. According to (4.2) and Lemma 4.2,
~ 242

2
we have limy, o I, = 5oz limy, o % = 545. Therefore, by Definition 1.1, we get

the following two theorems.

THEOREM 4.3. For the numerical method (3.1) approzimating the stochastic os-
cillator (2.1), if assumptions (A1) and (A2) hold, then we have the following:

(1) The method (3.1) is symplectic.

(2) The discrete mean position {An}n>1 of method (3.1) satisfies an LDP with
the good rate function

(4.6)

") (2 + tr(4)) (2 — tr(A4))%?

B 20[2}7,[([)1 + a19bs — a22b1)2(4 + tr(A)) — 2b; ((112b2 — aggbl)(Q — tI‘(A))j| .

(3) Moreover, if the assumption (B) holds, then method (3.1) asymptotically pre-
serves the LDP of {Ar}rso, i.e., the modified rate function I ,(y) = I"(y)/h satis-

fies

}llg% Ir}rlzod(y) = I(y) v ye R?

where I(-) is the rate function of LDP for {Ar}rso.
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THEOREM 4.4. For the numerical method (3.1) approximating the stochastic os-
cillator (2.1), if assumptions (A1), (A3), and (A4) hold, then we have the following:

(1) The method (3.1) is nonsymplectic.

(2) The discrete mean position {An}n>1 of method (3.1) satisfies an LDP with

T 2 1—tr(A)4det(A
the good rate function I"(y) = 222h(b1+2(121)7:;22(2b1))2‘

(3) Moreover, if the assumption (B) holds, then method (3.1) does not asymptot-
ically preserve the LDP of {Ar}rso, i.e., for y # 0, limp_0 I" ,(y) # I(y), where

IM (y) = I"(y)/h, and I(-) is the rate function of LDP for {Ar}rso.

mod

Remark 4.5. Theorems 4.3 and 4.4 indicate that under appropriate conditions,
the symplectic methods asymptotically preserve the LDP for the mean position
{Ar}7>0 of original system (2.1), while the nonsymplectic methods do not. This
implies that, in comparison with nonsymplectic methods, symplectic methods have
long-time stability in the aspect of preserving the LDP for the mean position.

5. LDP for discrete mean velocity {Bxn}n>1. In section 2, we obtain the
LDP for the mean velocity {Br}rso of the original system (2.1). In this section, fol-
lowing the ideas of dealing with the discrete mean position, we investigate the LDP for
the discrete mean velocity. That is to say, we first prove the LDP of the discrete mean
velocity based on the Gartner—Ellis theorem for a fixed appropriate step-size h. Then,
we derive the limits of the modified rate functions by means of the assumption (B).

We consider the numerical approximation of By = % at ty = Nh. Noting that
zn is used to approximate X;, in terms of the numerical method (3.1), we define

discrete mean velocity as
~ NK’
In what follows, we study the LDP for {Byx}n>1 of method (3.1) and its asymp-
totical preservation for LDP of {Br}rso. Similar to the arguments on {An}n>1,
we introduce the modified rate function to characterize how the LDP for {By}n>1
approximates the LDP for {Br}rso.

We still assume that (A1) holds. In this case, the equality (3.5) holds. Then

(5.1) By N=1,2,....

TN = (alldN_l + BN_l) 2o + a12GN—1%0

(5.2) N-1
+a Z {bldN—l—n + (a12be — ag2b1)an—_o_n| AW,
n=0
with
O e R
Gy, = (det(A)) () Bn = — (det(A)) n(0)

According to (5.2), xn is a Gaussian random variable whose expectation is
~-1 sin(IN6) ~ sin((N —1)0)
2 — (det(A))? ————
sm(g)  (det(4)) sin(0) o
~n-1 sin(NO)
det(A)) 2 .
+ a1z (det(A)) (@)
If 0 < det(A) < 1, then |E(zn)| < K(6), which leads to

. E(zn)
(5:3) N =N

E(zy) = (au (det(A))

=0.
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From (5.2) and the fact &_; = 0, we get

N-1

2
Var(zy) = o?h Z {bl&N—l—n + (a12b2 — a22b1)65N—2—n:|
n=0
N-2
=a?h (b% + (a1262 — a22b1)2) Z (34% + b%d]\/_l
n=0
N-1
(54) +2by1 (a12b2 — a22b1) Z dn@nl] .
n=1
Further, we have
N—2 N-2 . 9
. det(A))"sin”((n + 1))
5.5 = ( ,
(5:5) nZ:o On ng() sin?(9)
= .

(det(A)) = (cos(f) — cos((2n + 1)0)).

=1

N-1
5.6 2 OnOlp_1 =
(5:6) nz::l ! sin?(0) £
As is analogous to the treatment of {Anx}n>1, we deal with symplectic methods
(det(A) = 1) and nonsymplectic ones (0 < det(A4) < 1), respectively.

5.1. LDP of {Bn}n>1 for symplectic methods. In this part, we study the
LDP for {By}n>1 of symplectic methods, so we assume that (A2) holds. Based on
det(A) =1, (5.5), and (5.6), we have

=2 1 = 1 (N-1 sin((2N — 1)) —sin(6)
(5.7) g a2 =— g sin®(nf) = — - -
frd sin“(0) ot ) sin“(0) ( 2 4sin(0) )

and

(5.8) 2 NZ Onlm_1 = — . [(N — 1) cos(f) — sin(2N0) — Sin(Qe)}

2sin(0)

Substituting (5.7) and (5.8) into (5.4) yields

Var(zy) = a2h {bl + (a12b2 — a22b1)2:;I122b(10()a12b2 — agby) cos() (N 1)
B2+ (a1zbs — azob1)?] [sin((2N — 1)6) — sin(6)] . B2 sin?(NO)
4sin®(0) sin?(6)
(5.9) _ bi(arzby — a2212)18)i§;?9()2N0) — sin(6))

Using (5.3), (5.9), and (3.7) with det(A) = 1, we have
1
Ryy — 1 ANBy
A"(N) ]\[11_1}(1)0 log Ee

B a2)\2 [(b1 + a12b2 - a22b1)2 - bl (a12b2 — a22b1>(2 — tI‘(A))]
- (4~ (D)) h '

(5.10)

Before proving that A" is essentially smooth, we give the following lemma (see its
proof in Appendix E).
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LEMMA 5.1. Under assumptions (A1) and (A2), it holds that (by+aj2ba—agebr)?—
bl(a12b2 — CLQle)(Q — tI‘(A)) > 0.

Lemma 5.1 shows that A"(.) is essentially smooth and lower semicontinuous.
Then, using Theorem 2.4, we conclude that { By} n>1 satisfies an LDP with the good
rate function

h[4 — (tr(A))?] y?
(5.11) Jh(y) — [ ( r( )) ]y )
40[2 |:(b1 + a12b2 - a22b1)2 - bl(a12b2 - agzbl)(Q — tl“(A)):|

By Definition 1.1, the modified rate function is

(4 (tr(4))%) y°

(5.12)  JP.ay) = ~
402 |:(b1 + ajobs — (1221)1)2 — b (a12b2 — aggbl)(Q — tI‘(A))]

In what follows, we study the asymptotical convergence of Jf;wd() as step-size
h tends to 0 based on the mean-square convergence condition. To this end, let the
assumption (B) hold. Then it follows from Lemma 4.2 that (2 — tr(A4)) ~ k2, (b +
a12ba — ag2b1) ~ h. In addition, (B) implies that by (a12b2 — a22b1) = 0 as h — 0. In

this way, we have

lim " () = 2 + limp, ¢ tr(4) ) = y*
mo :
h=0 4o |limp_s0 W — limyp, 0 b1 (a12b2 — azzh)} a?

According to the above results, we write them into the following theorem.

THEOREM 5.2. For the numerical method (3.1) approzimating the stochastic os-
cillator (2.1), if assumptions (A1) and (A2) hold, then we have the following:

(1) The method (3.1) is symplectic.

(2) The discrete mean velocity {Bn}n>1 of method (3.1) satisfies an LDP with
the good rate function

h[4—(tr(A))*] 2

Jh _
(y) = :
40[2 |:(b1 + algbg — a22b1)2 — bl (a12b2 — a22b1)(2 — tI‘(A)):|

(3) Moreover, if the assumption (B) holds, then method (3.1) asymptotically pre-
serves the LDP of {Br}rso, i.e., the modified rate function J" _.(y) = J"(y)/h sat-
isfies

lim J7oa(y) = J(y) ¥V yER,

h—0

where J(-) is the rate function of the LDP for { Br}r>o.

5.2. LDP of {Bn}n>1 for nonsymplectic methods. In this part, we con-
sider the discrete mean velocity {Bx}n>1 of general nonsymplectic methods. We
study whether the LDP holds for {Bx}n>1. Let assumptions (Al) and (A3) hold.
Then, (5.5) and (5.6) satisfy, respectively,

N-2 N—-2
Yo an < K(6) Y (det(A)" < Ki(8),
n=0 n=0
N—-1 N—-1 S
2> by | SK(0) ) (det(4)77 < Ka(6),
n=1 n=1
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where K;(0) and K3(f) are two constants dependent on € but independent of N.

Additionally, it holds that |ax_1| = |(det(A)iZ1;(1;)in2(Ne)| < K(f). Thus, (5.4) satisfies

(5.13) |Var(zy)| < o®hK(6).

It follows from (5.3) and (5.13) that the logarithmic moment generating function is

2

~ 1 1 {A A
hiy) — T ANBy _ 11 A _
(5.14) A"(\) = A}gn N log Ee ngn I {hE(xN) t 553 Var(zy)| = 0.

We note that A™(-) is not essentially smooth, for which Theorem 2.4 is not valid.
In our case, we can directly prove that the LDP holds for {By}n>1 of nonsymplectic
methods by the definition of LDP. We claim that { By} ny>1 of nonsymplectic methods
satisfies the LDP with the good rate function:

N 0, =0,
(5.15) J"(y) = {+OO z 0

We divide the proof of this claim into three steps.

Step 1: We show the limit behaviors of P(By > xo) and P(Bx < xg) for non-
symplectic methods.

We need to use the following fact: if X ~ N (u,0?), then it follows from [16,
Lemma 22.2] that, for any = > p,

X - - 1 ep?
(5.16) P(Xza:):P< 2 “)g O
o o V2rx — [
In addition, for any = < p,
(5.17)
J— — _ _ 33_1/2
P(X<x)=P<X Pl “>=P<X L “>< LT s
g o g g V2T — X
Since By = %A, we have By ~ N(Eg\‘f}?), Vifg(}f?)) with |[E(zy)| < K(9) and

|[Var(zy)| < K(0). Noting that limy_o, E(By) = 0, one has that for the given
xo > 0, there exists some Ny such that E(By) < z for every N > Ny. Accordingly,
it follows from (5.16) that

1 Var(zy) (Nhxy — E(zn))?
P(By > < — vV N > Np.
(By 2 20) < V2or Nhao — E(zy) P 2Var(zy) 0
In this way, for every xy > 0,
. 1
(5.18) ]\;gnoc N log [P (Bn > x)] = —o0.

Analogously, using (5.17), one has that for the given ¢ < 0,
) 1
(5.19) A}gnoo i log [P (Bny < xp)] = —o0.
Step 2: We prove the upper bound LDP (LDP2): For every closed C C R,

(5.20) limsup% log P(By € C) < —inf J"(C).

N—o00
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If 0 € O, then it follows from (5.15) that inf J*(C) = 0. Since P(By € C) <1
(5.20) naturally holds.

If 0 ¢ C, define zy = inf(C(N(0,+0)) and x_ = sup(C[)(—0o0,0)). Then,
P(By € C) <P(By > x4)+ P(By < z_). In order to prove (5.20), we need to use
the following lemma (see [16, Lemma 23.9]).

LEMMA 5.3. Let N € N and at, i = 1,...,N, € > 0, be nonnegative numbers.

Then limsup,_, €log ZZ L al = max;—, ylimsup,_,,elog(al).

Using (5.18), (5.19), and Lemma 5.3 yields

1
lim sup i logP(By € C)

N —o0

1 1

< max {limsup logP(By > z4), limsup — logP(By < :z:_)} = —00.
N—o0 N N—o0 N

Noting that 0 ¢ C, one obtains inf J*(C') = +oc. Thus, (5.20) also holds for this

case.
Step 3: We prove the lower bound LDP (LDP1): For every open U C R,

(5.21) lim inf— logP(By € U) > —inf JY(U).
N—oo N

(5.21) naturally holds.

If 0 ¢ U, then inf J"(U) = 400. Since P(By € C) >0,
0,8) C U. Accordingly,

If 0 € U, then there exists some § > 0 such that (—

(5.22) lim inf N logP(By € U) > hmlnf Nlog (IBn| < 9).

N—oc0

It follows from (5.18) that for arbitrary given M € (—o0,0), there exists some Nj
such that for every N > Ny, 3 log [P (By > )] < M. Thus,

P(By>6) <M v N> N,

which leads to limy oo P(By > §) = 0. Similarly, utilizing (5.19) gives
limy 00 P(By < —0) = 0. Hence, limy_,o P(|By| < 0) = 1, which implies

. 1
(5.23) ]\}Enoo N logP(|Bn| < 6) = 0.

Combining (5.22) and (5.23), we have liminfy_,o + logP(By € U) > 0. Further,
since 0 € U, inf J*(U) = 0. Hence, we prove (5.21).

Combining the above discussion, we deduce that {By}n>1 of nonsymplectic
methods satisfies the LDP with the good rate function J" given by (5.15) and the
modified rate function J" = J"/h = J". Finally, we get the following theorem.

mod
THEOREM 5.4. For the numerical method (3.1) approzimating the stochastic os-
cillator (2.1), if assumptions (A1) and (A3) hold, then we have the following:
(1) The method (3.1) is nonsymplectic.
(2) The discrete mean velocity {Bn}n>1 of method (3.1) satisfies an LDP with

the good rate function J"(y) = {+OO z;gj

(3) Method (3.1) does not asymptotically preserve the LDP of { Br}rso, i.e., for

y # 0, limy, o J ,(y) # J(y), where J"_.(y) = J"(y)/h, and J(y) = Z—Z is the rate
function of LDP for {Br}rso.
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6. Concrete numerical methods. In this section, we show and compare the
LDPs of some concrete numerical methods to verify the theoretical results obtained
in previous sections. For symplectic methods, we consider the symplectic S-method,
the exponential method, INT method, and OPT method. For nonsymplectic ones,
we examine the §-method, PC (PEM-MR) method, and PC (EM-BEM) method. All
of the methods can be found in [21], except the symplectic S-method (see, e.g., [18,
equation (2.7)]). Furthermore, we construct some symplectic methods which preserve
the LDP for {Ar}rso or {Br}rso exactly.

6.1. Symplectic methods.
e Symplectic S-method (6 €|

0,1]):
5 _ 1— h? h
A 1+B1— < 1—ﬂ%2>’

- )

2 — (2% —-28+1)h?
1+ 8(1—p)h2 7
Bh - h
m7 by + a12bs — azb; = m

It can be verified that the assumption (B) holds, and if h € (0,2), then for every

B € [0,1], assumptions (Al) and (A2) hold. Substituting (6.1) and (6.2) into (4.6),
we have I"(y) = 232 2 - W], which is the good rate function of LDP for
{AN}n>1 of the symplectic S-method by Thoerem 4.3. Furthermore, we get the

modified rate function I .(y) = I"(y)/h = 3a2[ W]

1+61—

The straightforward calculation leads to

(6.1) det(A?) =1, tr(AP) =

(62) a12b2 — a22b1 =

Further, we have that lim,_,o I" .(y) = I(y) = % for every y € R, which is
consistent with the third conclusion of Theorem 4.3. Moreover, for every h > 0, the
modified rate function of the mean position for the midpoint method with 3 = 3 is the
same as that for the exact solution. These indicate that the midpoint method exactly
preserves the LDP for {Ar}7r~0. In the case of 8 # 3, I . (y) < I(y) provided y # 0.
That is, as the time 7" and ¢y tend to infinity simultaneously, the exponential decay
speed of P(Ay € [a,a + da]) is slower than that of P (Ar € [a,a + da]) provided
a # 0.

On the other hand, if h € (0,2) and S € (0,1), assumptions (Al) and (A2)
hold. By Theorem 5.2, {Bn}ny>1 of the symplectic S-method satisfies an LDP with

— —1)2p2 _ 27,2
M- (28-1) ’4]0[24-!3(1 ARy This means that the

the good rate function J"(y) =

modified rate function J* ,(-) satisfies limj, 0 J" ,(y) = Z—z = J(y), which verifies

the third conclusion of Theorem 5.2.

e Exponential method (EX): AFX = (f:lsr(f(lz) 322((73) . bEX =(9).
For this method, it holds that

det(AFX) =1, tr(APX) = 2cos(h),

a12b2 — a22b1 = sin(h), b1 + a12b2 - a22b1 = sm(h)

If h € (0,7), then assumptions (Al) and (A2) hold. Then, we obtain that {Anx}n>1
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2y®  1—cos(h)
a2 h2(2+cos(h)) "

(y) > I(y) provided that

satisfies an LDP with the modified rate function I ,(y) = Hence, we

have limy, 0 I" _,(y) = % = I(y). One can show that I" ,
h € (0,7/6) and y # 0.

According to the discussions above, if h € (0,7/6), then the mean position
{AN}Nn>1 of the exponential method satisfies an LDP, which asymptotically pre-
serves the LDP for {Ar}r~o. In addition, as the time T and tx tend to infinity
simultaneously, the exponential decay speed of P(Ay € [a,a+da]) is faster than that
of P (Ar € [a,a + da]) provided that a # 0.

Analogously, we have that assumptions (A1) and (A2) hold for h € (0,7). Hence,
for h € (0,m), {By}n>1 of the exponential method satisfies an LDP with the modi-
fied rate function J" ,(y) = Z; = J(y). In this way, the exponential method exactly
preserves the LDP for {Br}rso.

. AINT _ ( cos(h) sin(h) INT _ ( sin(h)
e Integral method (INT): A = (_Sin(h) Cos(h)) , b = (Cos(h)) .

For this method, det(A'NT) = 1, tr(AINT) = 2cos(h), a12by — azeb; = 0 and

b1 + a12ba — ageby = sin(h). It is shown that its modified rate functions of {An}n>1
2 COS 2 .
and {By vz are I,y(y) = 24 miges® and Jh,,(y) = & = J(y), respectively.
This case is exactly the same as that of the exponential method.
; . AOPT _ ( cos(h) sin(h) oPT _ 1 (2sin?(%)

« Optimal method (OPT): AOFT = () s ) 4orT — L (23 (3))

Based on the above two formulas, one has
1 —cos(h)

det(AOPT) = ]., tr(AOPT) = 2COS(h), 0121)2 — a22b1 = b1 = A

If h € (0, 7), then assumptions (A1) and (A2) hold such that {An}n>1 of the optimal

method satisfies an LDP with the modified rate function I (y) = % = I(y). Thus,
we conclude that the LDP for mean position {Ax}n>1 of the optimal method exactly
preserves the LDP for {Ar}ro.

Assumptions (A1) and (A2) hold provided that h € (0,7). Thus, for h € (0,7),
{Bn}n>1 of the optimal method satisfies an LDP with the modified rate function

Jhoa(y) = % Further, we have that limp_0 J" ,(y) = Z—z = J(y) and
J .(y) > J(y). Hence, the optimal method asymptotically preserves the LDP for

{Br}7r>0. When the time T and ¢y tend to infinity simultaneously, the exponential
decay speed of P(By € [a,a+da]) is faster than that of P(Br € [a,a+da]) provided
a#0.

6.2. Nonsymplectic methods.
e Stochastic §-method (0 € [0,1/2) U (1/2,1]):

JU. 1—(1—0)6n? h oo 1 Oh
1+ 62h2 ~h 1—(1-0)0n* )’ 1+62p2\ 1 )°

For this method, we have

1+ (1-6)%n?

det(A) = = gape
1 —tr(A%) + det(A%) = " b1 + a12bg — axby = _h
1+ 62k 14 62h2°
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Notice that 0 < det(A%) < 1 is equivalent to # € (1/2,1]. One can show that, with
0 € (1/2,1], (A1), (A3), and (A4) hold for every h > 0. Hence, for every 6 € (1/2,1]
and h > 0, the mean position { Ay} y>1 satisfies an LDP with the modified rate func-

tion fﬁwd(y) = yTzz, which verifies the third conclusion of Theorem 4.4.
. _ (1-h?/2 h(1-h?/2) _
e PC (PEM-MR): Al = (102000 ) gt (2,

One has that 1 — tr(A) + det(A!) = h% — B2 and by + a1oby — agsby = h — 2.
We obtain that (A1), (A3), and (A4) hold, provided h € (0,4/2). Thus, by Theo-

rem 4.4, {An}n>1 of this method satisfies an LDP with the modified rate function
~ 2
Ihod(y) = 353

32

e PC (EM-BEM): A2 = ({Z 1fh2) , b2 = (1)

We have that 1—tr(A2)—|—det(A2) = h2+h4 and b1 —|—a12b2—a22b1 = h—|—h3 In this
case, (Al), (A3), and (A4) hold, provided h € (0,1). Thus, by Theorem 4.4, {An}n>1
of this method satisfies an LDP with the modified rate function ffjwd(y) = %

We observe that all methods shown in sections 6.1 and 6.2 satisfy the assumption
(B). When the step-size h is sufficiently small, the symplectic methods in section 6.1
satisfy assumptions (A1) and (A2), and the nonsymplectic methods in section 6.2
satisfy assumptions (A1), (A3), and (A4). By studying these methods, we verify the
theoretical results in Theorems 4.3, 4.4, and 5.2. It is shown that symplectic methods
are superior to nonsymplectic methods in terms of preservation of the LDP for both

{Ar}7r>0 and {Br}r>o.

6.3. Construction for methods exactly preserving the LDP for {Ar}r>0
or {Br}r>0. In this part, we construct several symplectic methods exactly preserv-
ing the LDP for {Ar}rso (resp., {Br}rso) based on Theorem 4.3 (resp., Theo-
rem 5.2).

e Methods exactly preserving the LDP for { A7 }ro.

Motivated by the assumption (B), we consider the method (3.1) with

. 1+011h2 h+012h2 o Dlh
(6.3) A= < —h+co1h® 1+ ch? )’ b= 1+ Dsh

with real constants ¢;; and D;, 7,5 = 1,2, independent of h. In order to make the
condition det(A) = 1 hold, we have

(1 + 611h2)(1 + nghz) =1+ (h + 012h2)(—h + 021h2) Y h>0.
Comparing the coefficients, we obtain
c11 +c2 = —1, cr1602 = c12c21, €12 = C21.

Letting c12 = co1 = o, then c¢i11 and cgs are the roots of equation 22 + x + 02 = 0.
To assure that ¢ and cgo are real numbers, we assume o € [—1/2,1/2]. Solving

. . —1—+/1— 2 — /1 — 2
the equation =2 + = + 02 = 0 yields ¢;; = %, Cog = Hfl“ or c11 =
— — 2 11— — 2 . .
=LbvIAom fepy = =1=VIA97 where the case ¢11 = co = —1/2, 0 = £1/2 is included

in the above two cases. In order to acquire the methods exactly preserving the LDP
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for {Ar}r=0, a necessary condition is that the modified rate function (4.1) satisfies

(6.4)

' () = (2 +tr(A))(2 — tr(A))%y?
2a2h2|(by + a12bs — aaaby)2(4 + tr(A)) — 2b1 (a12ba — agebr)(2 — tr(A))
o2
3a2’

According to (6.3), it is known that
tI‘(A) =2 h2, a12bs — ag9by = h [(1 — Dl) + (Dg + O')h + (DQO' — D1022)h2] .
Substituting the above equation into (6.4), we have

3h? 2]? 2
6—72 {1-|-(D2—|—a)h—|—(D20—D1622)h (6—n7)

(6.5) — 2D 12 [1 — Dy + (Ds + 0)h + (Dso — Dycan)h?.

By comparing the coefficients of h® and h* in (6.5) and some direct computation, we
finally obtain

1 1 —1+4++v1— 402
D1:§7 020,:‘:5, 022:¥

—1—+v1—402
9 , Cll:f’ 2 = —O0.

Finally, we acquire three numerical methods, which exactly preserve the LDP for
{Ar}r>0, with the matrix A and the vector b being respectively given by

mo (1= h m_ (b2,
(6.6) A — ( —h 1 P} b - 1 bl
o [ 1—h%/2 h+h*/2 2 _ h/2
(6.7) AT = < —h+h?/2 1-h%/2 )° =e hj2 )’
(6.8) AT = < —h—h2/2 1-h2/2 )° =i )
Moreover, if h € (0,2), methods based on (6.6), (6.7), and (6.8) satisfy assumptions

(A1) and (A2) and have the same modified rate function 1" ,(y) = % = I(y).

e Methods exactly preserving the LDP for { Br}rso:

We still consider the method with coefficients satisfying (6.3). By the straight-
forward computation, we get the following methods exactly preserving the LDP for
{Br}r>0, whose coefficients are

Ao 1 — Levizdo? p2 h+ oh? p (B2
- —h + oh? 1_177\/12*402}12 ’ "\ 1l-0h )’

with o = 0,£3, or

A 1 — 1=vizdo p2 h+ oh? p (/2
- —h+ oh? 1—H7‘“;Wh2 ’ "\ 1l—0h )’
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with o = 0, 1. Finally, besides methods based on (6.6), (6.7), and (6.8), we obtain
three more methods exactly preserving the LDP for {Br}rso with coefficients given
by

(6.9) Al = ( _lh 1_hh2 ) bl _ ( ~h/2 >;
wo  w-(LEE ER). ()

o - (LTRE R (),

In fact, it is verified that methods based on (6.6)—(6.11) satisfy assumptlons Al) an
(A2) for h € (0,2) and have the same modified rate function J" _,(y) = % = J(y)

Remark 6.1. Note that three symplectic methods constructed based on (6.6),
(6.7), and (6.8) preserve exactly the LDP for {Ar}r>o and {Br}rso at the same
time.

7. Numerical experiments. In this section, we perform numerical experiments
to verify the theoretical results. We apply the algorithm in [20] to numerically sim-
ulate the large deviations rate functions of {Ar}rso and {Br}rso, where the key is
to simulate the logarithmic moment generating function based on the Monte—Carlo
method.

In detail, for a given numerical method {z,,¥yn}n>0 approximating (2.1), we
first obtain M samplings of {xn}fyigl for a given Ny, which immediately generate

M samplings A%l, i = 1,2,..., M (recall Ay, = Niozgoolxn) Then we take

)
Gune(N) = 37 Z ANOARS as the approximation of Ee*VoA~o . Further, for suf-
ficiently large Np, AM NN = 10 log Gar,v, (M) is used to approximate A"(\) =

Hmpy oo 4 w log EerVAN - Finally, noting that (Gm,ny)' (N) = ﬁ wal eNOANo NOAS\Z%,

we can simulate the value of the rate function I"(y) = sup,cr{\y — A"(\)} at

G (A
Yy = (M) = a5 by D, (W) = AN — Al y, (V). Henee,

we have the following algorithm.

Algorithm 7.1

1. Choose the proper step-size h, sample size M, and number of steps No,
and compute numerical solution ;v( 2 ,i=1,2.... M,n=0,1,..., Ny — 1.
2. Set Sy, (i) = ZNoolng), 1= 1,2,...,M.
3. For a given K > 0, compute G, n, (A ) =4 Zl e A5}
and (Gu,n,) (N) = 37 Zi\il S](\z,()) Ny for sufficiently many A € [ K, K].
(

G e\
4. Compute Al (A) = log (Gar.x, ()7 and y(3) = (Ceu) O

5. Compute I}y (y(N)) = Ay(X) = Afy , (V) and 700" (y(A)) = iy, (y(N) /.

The numerical realization of the rate functions of {By}y>1 based on a given
numerical method is analogous to that of {Ax}n>1. We refer readers to [20] for more
details.

According to Algorithm 7.1, we numerically simulate the modified rate functions
of {An}n>1 of the midpoint scheme (symplectic S-method with § = 1/2) and the
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F1G. 1. Modified rate functions of the midpoint scheme and PEM-MR method under different
step-sizes with M = 2000, No = 600, o = 1.5, K = 1.5, and (xo,y0) = (0.5,0).

PEM-MR method in section 6. We set initial data (zg, yo) = (0.5,0), M = 2000, Ny =
600, and « = 1.5. In the third step, G n, is computed at A(j) = —K +0.001(j — 1),
7=1,2,...,2000K + 1 with K = 1.5. It is observed from Figure 1 that as step-size h
decreases, the modified rate function I,’}wcu of the midpoint scheme becomes closer to

the rate function I(y) = % of {Ar}rs0, while the modified rate function of the PEM-
MR method gets closer to I'(y) = % When h = 1.5,1,0.5, I"

mod,

with I(y) = % on intervals [—0.05,0.05], [—0.15,0.1], and [—0.35,0.3], respectively.
These verify our theoretical results in Theorems 4.3 and 4.4. Analogously, we perform
numerical experiments to simulate the modified rate function of the EX method from
section 6. As observed in Figure 2, the modified rate function gradually converges to
the rate function of {Br}rs0, which verifies the result in Theorem 5.2.

Before ending this section, we would like to mention that our theoretical results
are meaningful for computing large deviations rate functions. More precisely, if one
wants to simulate the rate functions of observables associated with stochastic Hamil-
tonian systems by computing the logarithmic generating moment function, applying
the symplectic method is a prime choice, as shown in Figure 1.

1 nearly coincides

8. Conclusions and future aspects. In this paper, in order to evaluate the
ability of the numerical method to preserve the large deviations rate functions asso-
ciated with the general stochastic Hamiltonian systems, we propose the concept of
asymptotical preservation for LDPs. It is shown that stochastic symplectic methods
applied to the stochastic test equation, that is, the linear stochastic oscillator, asymp-
totically preserve the LDPs for {Ar}r~¢ and {Br}r>0, but nonsymplectic ones do
not. This indicates the superiority of stochastic symplectic methods in the aspect
of asymptotically preserving large deviations principles. In fact, there are still many
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FiG. 2. Modified rate functions of EX method under different step-sizes with M = 2000,
No =600, « = 1.5, K = 1.5, and (zo,y0) = (0.5,0).

problems of interest which remain to be solved. We list some possible aspects for
future work.

(1) Can the stochastic symplectic methods asymptotically preserve the LDPs for
all observables associated with the linear stochastic oscillator?

(2) Can stochastic symplectic methods asymptotically preserve the LDPs for ob-
servables associated with the general stochastic Hamiltonian system which is
driven by multiplicative noises or in higher dimension?

(3) For a stochastic Hamiltonian partial differential equation which possesses the
symplectic or multisymplectic structure, such as the stochastic Schrodinger
equation, do the symplectic or multisymplectic numerical methods asymptot-
ically preserve the LDP of the original system?

These problems are very challenging. Because the large deviations rate functions do
not generally have explicit expression for more complex SDEs and their numerical
solutions, it is difficult to analyze the asymptotical behavior of rate functions of nu-
merical methods. In addition, the large deviations estimates on infinite dimensional
Banach spaces are more involved. We leave these problems as the open problems and
attempt to study them in our future work.

Appendix A. Proof of Lemma 3.1.
Proof. Using the fact sin(nf) = 2 (¢**? — =) one immediately has

asin(0) — a¥Tlsin((N + 1)8) + aV+2 sin(N6)

N
nZ::l sin(nf)a” = 1 —2acos(f) + a2 '
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For a = 1, utilizing the formula sin(«) — sin(8) = 2005(0‘—‘56) sin(o‘T_B) gives

N : . .
) _ sin(f) —sin((N + 1)0) +sin(N@)  cos (£) — cos((N + 3)0)
;sm(n@— 2(1 — cos(0)) . 25in () 2,

which completes the proof. ]
Appendix B. Proof of Lemma 3.3.

Proof. (1) Assume that b? + (a12b2 — ag2b1)? = 0, i.e., by = aj2by — agb; = 0.
Noting that b? + b3 # 0, one has by # 0, which leads to a;2 = 0. Since det(A) =
ai1ao3 — @12a91 = 1, ajiase = 1. Hence aii, o > 0 or a11,a29 < 0. It follows from
assumptions (Al) and (A2) that —2 < tr(A4) < 2. In this way, |tr(A)| = |a11|+|az| <
2. This is contradictory to |ajjags| = 1, since 1 = \/|aj1a22| < %(\a11| + |ags]) < 1.
This proves the first conclusion.

(2) Denote S := (bl + a12bs — a22b1)2(4 + tr(A)) — 2by (a12b2 — aggbl)(Q - tI‘(A)),
p = by, and q := a12by — ageb;. Then S = (p + q)?(4 + tr(A)) — 2pq(2 — tr(A)) =
tr(A)((p+ ) + 2pq) + 4(p + q)* — 4pg. By studying the infimum of S in three kinds
of cases—(p+q)?+2pq > 0, (p+q)? +2pg < 0 and (p+ q)? +2pg = 0—one can prove
that S > 0. ]

Appendix C. Proof of Theorem 4.1.

Proof. Denote Z; = (X¢,Y)", J = (%), K = (9). We rewrite (2.1) as
dZ; = JZ;dt + aKdW,;. Let Z be the solution of the above equation at ¢ + h, with
the deterministic value z at t. Note that for any v > v >0, Z, = Z, + vau Z.dr +
aK fvu dW,. Using the above formula, one can show that

t+h s t+h s
Z:z+th+ozK(Wt+h—Wt)+J2/ / Zrdrds—i—onK/ / dW,ds
t t t t
(C.1)
= AEMZ + OZbEM(Wt+h - Wt) + R7
where R := J? [/*" [* Z,drds+a K [[T" [° dW,ds with |[ER|js < Ch2 and E||R|[3 <

Ch3. Further, the one-step approximation based on the method (3.1) is Z=Az+
ab(Wyyp — Wy). In this way, we obtain

(C2) |EZ-2)| < cla—am, |0, + |ER), < OB,

where the second equality uses the equivalence of norms in finite dimensional normed
linear spaces. In addition, it holds that

(C.3)

~ 2 .
E|Z-z| <clla-am 205+ Ca?||p - b5, EQAW?) + CE| RI3 < CN°.
It follows from (C.2), (C.3), and [18, Theorem 1.1] that the mean-square convergence
order of numerical method (3.1) is at least 1. ad

Appendix D. Proof of Lemma 4.2.

Proof. If (B) holds, then a;; = 1+ O(h?), asa = 1+ O(h?). Thus, tr(A) =
2 + O(h?), which leads to the assertion (1). Further, 1 — tr(A) + det(A) = (a1; —
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1)(&22 — 1) —aj2a91. Noting that a1s ~ h and ag; ~ —h, one has (1—tr(A)+det(A)) ~
h2. Finally, since limyj,_.o % = limy,_,o (@27 G2=DFhlba=D)+a12 _ ¢ ¢ holds that
limp, 0 M = limy,_,9 ‘“flb? +1limy, 0 @ = 1, which is nothing but the
assertion (3). ad

Appendix E. Proof of Lemma 5.1.

Proof. Tt follows from Lemma 3.3(1) that b2 + (a12b2 — ag2b1)? # 0. Denote
T = (bl + a12b2 - a22b1)2 — bl(a12b2 — aggbl)(2 — tI‘(A)) Then T = b% + (a12b2 —
a20b1)? + by (a12b2 — ageby)tr(A). Next we show that 7' > 0.

Case 1: b1 =0or a12b2 —a22b1 = (. This associated with b%-l—(algbz —a22b1)2 75 0
immediately leads to T > 0.

Case 2: by # 0 and ajaby — ageby # 0. We note that under assumptions (Al)
and (A2), -2 < tr(A) < 2. If tr(A) = 0, T > 0 holds naturally. If tr(A) # 0,
then 0 < |tI‘(A)‘ < 2. Asa result, |b1(a12b2 — aggbl)tl‘(A)| < 2|b1(a12b2 — aggbl)‘ S
b? + (a12b2 — a22b1)2, which implies T" > 0. ]
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